Twinlike defects refer to topological defect solutions of some apparently different field models that share the same defect configuration and the same energy density. Usually, one can distinguish twinlike defects in terms of their linear spectra, but in some special cases twinlike defects even share the same linear spectrum. In a recent publication [C. Adam and J. Queiruga, Phys. Rev. D 85, 025019 (2012)], the authors investigated the algebraic conditions for two twinlike defects that have identical linear spectrum. In this paper, we reexamine these algebraic conditions from the viewpoint of the normal modes of the linear fluctuations. We obtain a simpler but less restricted algebraic condition. Our results open a new window for interesting models that violate the algebraic constraints in Adam-Queiruga's construction. We also extend our discussion to braneworld models, where gravity plays an important role.
I. INTRODUCTION
Recently, it was found that defect solutions of a standard scalar field model might have "twins" in some models with noncanonical kinetic terms. Two twinlike defects share the same field configuration and energy density. We call the corresponding models the twinlike models. The first couples of twinlike models were reported in Ref. [1] , where the authors studied the domain wall solution of the Dirac-Born-Infeld (DBI) model in four-dimensional flat space-time. The Lagrangian of a large class of noncanonical scalar field models can be written as
where X is the kinetic term of the field φ. The DBI model studied in Ref. [1] is a special case with
where U(φ) is a function of φ. The authors of Ref. [1] found that when
the model supports a solution (they dubbed "doppelgänger domain wall") which has the same wall configuration and energy density as the wall solution of the canonical model
By definition, the DBI model given by Eq. (2) is a twinlike model of the canonical model. But the DBI model is merely one of the infinite twinlike models of the canonical model.
Suppose the solution of an arbitrary noncanonical model (with Lagrangian L(X, φ)) traces out a curve C on the (X, φ) plane. Then the sufficient and necessary conditions for this model to be a twin of the canonical one are [1] :
L ,X = L 0,X , on C.
Here and in what follows we always use shortcuts like L ,X ≡
∂L ∂X
, et al.. These criteria do not uniquely determine the form of L. So there are infinite twinlike models for the canonical model in the case with a single scalar field and without gravity.
For models with multi-scalar fields or with gravity, the above criteria are no longer valid.
Nevertheless, it is still possible to construct twinlike models of braneworld models [2] , cosmo-logical models [3] , compacton models [4] , multi-scalar field models [5] , and self-dual AbelianHiggs theories [6] .
According to Ref. [1] , usually twinlike defects have different linear spectra, and thus can be distinguished by analyzing the linear fluctuations. It is natural to ask if it is possible that two twinlike defects also share the same linear spectrum? In Ref. [7] , Bazeia and Menezes gave us a positive answer by providing the first example of twinlike models that support twinlike defects with identical linear spectrum. For simplicity, let us call twinlike defects with identical linear structure the special twinlike defects and call the corresponding models the special twinlike models from now on.
A number of special twinlike models were constructed later in Ref. [8] , where the Lagrangian L = L(X, V ) was assumed to be a function of X and V (rather than a function of X and φ). With this Lagrangian, the criteria (4)- (5) can be rewritten as
where the vertical line | represents taking the on-shell condition X = −V (see also Ref. [9] ).
If in addition to Eqs. (6)-(7), the Lagrangian L also satisfies the following equations [8] :
then the defect solution of the model would share the same defect configuration, energy density, and linear spectrum with the canonical defect.
Note that Eqs. (8)- (11) were obtained by comparing the noncanonical linear perturbation equation with the canonical one. However, we notice that the authors of Ref. [8] did not simplify the former to the final form. In fact, in one of our recent work [10] , we have shown that the linear spectrum of a noncanonical model depends only on the form of L ,X and
, and their derivatives with respect to x. Besides, for twinlike defects, L ,X is constrained by Eq. (7), we expect that the linear spectrum is determined only by L ,XX .
Equation (8) requires L ,XX = 0, which is rather trivial. In this paper, we first investigate the possibility for finding special twinlike defects from noncanonical models with L ,XX = 0.
Beside, the construction of special twinlike models with gravity is still an open question.
We would fill this blank by constructing special twinlike braneworld models.
Our paper is organized as follows. In the next section, we first consider special twinlike models in two-dimensional flat space-time. We show that Eqs. (8)- (11) can be replaced by a single equation. Using this equation as well as Eqs. (6)- (7), we construct two special twinlike models (with nontrivial L ,XX = 0) for the canonical model. Then in section III, we extend our discussions to braneworld models. We first derive the equation for the normal mode of the linear fluctuations. From this equation we can read out the constraint for the Lagrangian of the special twinlike braneworld models. Two example models are constructed.
Our results will be summarized in section IV.
II. SPECIAL TWINLIKE DEFECTS IN TWO-DIMENSIONAL FLAT SPACE-

TIME
In two-dimensional flat space-time (x 0 = t, x 1 = x, η µν = diag(−1, 1)), the standard kinetic term for a static scalar field φ = φ(x) is
In this section, a prime represents the derivative with respect to x. Consider a model described by the Lagrangian
we obtain the following equation of motion
One can easily integrate Eq. (14) to obtain the following equation [9] L − 2XL ,X = 0.
The energy density (the Hamiltonian density) is simply
For the standard model L 0 = X − V , Eq. (15) reduces to
This is a first-order differential equation for φ(x). Specifying the form of V (φ), one would obtain the solution of φ(x). The energy density is given by
To construct twinlike defect models for the canonical model, it is convenient to rewrite
In order for the noncanonical defects to have the same configuration as the canonical defect, we require X = −V as the on-shell equation. That means no matter how complex a
Lagrangian is, the final equation of motion must be X = −V .
To ensure that the noncanonical defects share the same energy density with the canonical defect, we require
This is nothing but Eq. (6). Using Eq. (15), we immediately obtain Eq. (7):
A noncanonical model whose Lagrangian satisfies Eqs. (6)- (7) must be a twinlike model of the canonical model. Let us cite here the twinlike models constructed by Adam and Queiruga in Ref.
[8]:
1. Model 1:
where f i (V ) ≥ 0 are arbitrary functions of V .
Model 2:
One can easily proof that both of the above models satisfy Eqs. (6)- (7), and therefore are twinlike models of the canonical model. In fact, in addition to Eqs. (6)- (7), the above models also satisfy Eqs. (8)- (11) . So, models 1 and 2 are special twinlike models of the canonical model.
As mentioned in the introduction, our aim is to construct special twinlike models that has nontrivial L ,XX . To do this, we need to investigate the structure of the linear spectrum of the general noncanonical model.
A. The quadratic action and the linear spectrum
Expanding the Lagrangian in Eq. (13) to the second-order of the field fluctuation δφ,
Using the equation of motion, one can eliminate L ,Xφ and
where
and
When γ > 0, we can introduce a new coordinate
to rewrite the quadratic action as
Here, a over dot represents the derivative with respect to x * .
Obviously, the normal mode of the quadratic action iŝ
In terms ofĜ, the quadratic action reads
From the quadratic action ofĜ, we know that for
the linear perturbation satisfies a Schrödinger-like equation
From the linear perturbation equation (35), the linear spectrum ofĜ is determined only by the effective potential, and therefore, by θ. For the standard model, γ 0 = 1 and z 0 = φ ′ ,
we have θ 0 = φ ′ . Therefore, to obtain a special twinlike model which satisfiesθ/θ =θ 0 /θ 0 , we require
Using the definitions in Eq. (27) and L ,X | = 1, we immediately obtain
or equivalently,
where c is a positive constant. 
where f ex1 i (V ) ≥ 0. Obviously, this model satisfies the criterions:
So, it is one of the twinlike models of the canonical model. To upgrade this model to a special twinlike model, we require
or,
For our model,
Obviously, identities (9) and (11) are also violated by our model.
Example II
Now, let us turn to another model. We consider
For Eq. (38) to be true, we need
As a consequence,
So far, we have shown that Eqs. (8)- (11) are not necessary for the construction of special twinlike models. Only Eqs. (6), (7) and (38) are required. Now let us consider the construction of special twinlike models for a gravitational model.
III. SPECIAL TWINLIKE BRANEWORLD MODELS
We consider a gravitational system described by the following action
Here κ (51) are
where the energy-momentum tensor is
To obtain braneworld models that preserve the four-dimensional Poincaré symmetry, the most general metric we can have is
where η µν = diag(−1, +1, +1, +1) is the four-dimensional Minkowski metric, and a = e
A(y)
is the warp factor. We also assume that the scalar field is static, namely, φ = φ(y). As a consequence, the energy density takes the following form:
With all these assumptions, we can now explicitly write the Einstein equations as follows
The equation of motion for the scalar field is given by
This equation can be derived from Eqs. (56). Therefore, only two of the dynamical equations are independent. For the case without gravity, Eq. (57) reduces to Eq. (14).
A. The superpotential method
To solve the Einstein equations, one can introduce the superpotential W (φ), such that
Then for the standard model, we can get
from Eq. (56a), and
from Eq. (56b).
Equations (58)- (60) constitute the first-order formalism of the canonical braneworld model [11] . This formalism reexpresses the original second-order Einstein equations to some first-order ones, which are easier to solve. With all these expressions, we know that the on-shell Lagrangian of the canonical model takes the form:
In what follows the evaluation on-shell | X=− By definition, a twinlike braneworld model should share the same scalar field configuration, space-time geometry, and energy density with the canonical model [2, 9] . The first two requirements can be fulfilled if the warp factor and the kinetic term X of the noncanonical model also satisfy Eqs. (58) and (59), respectively. Then, from Eq. (56a), one would obtain the following constraint [9] :
To fulfill the third requirement, the on-shell Lagrangian of the noncanonical model should be (see Eq. (56b))
With Eqs. (62)-(63) we are ready to construct twinlike models for the canonical model.
But to construct special twinlike models, we need to analyze the linear structure of the noncanonical models.
It is convenient for us analyze the linear fluctuation in the conformal coordinate r, which is defined by dr = a −1 dy. In the conformal coordinate, the metric reads
B. Linearization of noncanonical branes
To linearize a noncanonical braneworld model, we need to consider the fluctuations around both the scalar and the metric
It is more convenient to define δg M N ≡ a 2 h M N .
It is always possible to decompose the metric perturbation into scalar, vector, and tensor components (see Ref. [12] ):
where C µ and G µ are transverse vector perturbations:
and D µν is transverse and traceless (TT) tensor perturbation:
Note that the indices of the perturbations are always raised and lowered by η µν , so that
The advantage of this decomposition is that different types of perturbations evolve independently. Therefore, the full linear spectrum of a braneworld model can be separated into scalar, vector, and tensor modes.
In Ref. [12] , we have systematically derived the quadratic action for all three types of fluctuation modes. So here we only briefly review the results. The quadratic action for the vector and the tensor modes are
respectively, wherev
and primes represent the derivative with respect to r in this section.
Obviously, the spectra of both the vector and tensor modes are independent of the Lagrangian of the noncanonical scalar field, they are determined only by the warp factor a(r).
Since twinlike models share the same geometry with the canonical braneworld model, they also share the same vector and tensor spectra with the canonical model.
It is the scalar modes which render the spectra of the twinlike models different. Thus, in order to construct special twinlike models, we need to find the condition under which the twinlike models also share the same scalar spectrum. The derivation of the quadratic action of the scalar modes is rather lengthy, we only cite the final result here (see Ref. [12] for details):
This action is similar to the one we obtained in Eq. (32). The new coordinate r * (corresponds to x * ), quantities θ and γ are similarly defined as previous:
The over dots on θ and G represent derivatives with respect to r * .
What different is that now the normal mode of the scalar perturbations is defined by
and that the quantity z is given by
where H ≡ a ′ /a.
Clearly, the linear spectrum of the normal mode G is determined only byθ/θ. For the canonical model L 0,X = 1 and L 0,XX = 0, we get
For a twinlike model whose Lagrangian is already constrained by Eqs. (62) and (63), the requirement thatθ/θ =θ 0 /θ 0 is equivalent to
or
We assume that c is a positive constant. Now we are ready to write some special twinlike braneworld models.
C. Examples
It is not necessary for us to start from zero. In fact, in Ref. [9] the authors have constructed several twinlike braneworld models. What we need to do is simply add X 2 terms such that Eq. (82) is satisfied.
For the first model, we consider
where f ex1 (φ) ≥ 0, and V is given by Eq. (60). Obviously, this Lagrangian satisfies Eqs. (62) and (63). In order to satisfy Eq. (82), f (φ) should take the following form:
For the second model, we consider the DBI type model:
This model will be a special twinlike braneworld model if
IV. SUMMARY Field configuration, energy density, and linear spectrum are the most important features of a defect solution. Twinlike defects are defect solutions that share the same field configuration and energy density. So in principle they can only be distinguished by their linear spectrum. However, there are some special cases, where the twinlike defects even share the same linear spectrum. We call such special defects the special twinlike defects. Some special twinlike defects have been constructed in Refs. [7, 8] . Especially, the authors of Ref. [8] derived the criteria for special twinlike defects in two-dimensional flat space-time. They argue that the Lagrangian of a special twinlike model should satisfy the on-shell condition L ,XX | = 0.
In this paper, we constructed special twinlike models in both flat and warped spacetime. We showed that it is possible to construct special twinlike models with L ,XX = 0. In
